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1. Introduction
In [1], Dragomir, Cerone and Roumeliotis proved the following generalization of Ostrowski’s inequality.
Theorem 1. Let f : [a, b] → R be a function that is continuous on [a, b] and differentiable on (a, b), and whose derivative
f ′ : (a, b)→ R is bounded on (a, b). Define ‖f ′‖∞ = supt∈[a,b] | f ′(t)| <∞. Then we have∫ b
a
f (t)dt −
[
(1− λ)f (x)+ λ f (a)+ f (b)
2
]
(b− a)
 ≤

(λ2 + (1− λ)2) (b− a)
2
4
+

x− a+ b
2
2
‖f ′‖∞ (1)
for all λ ∈ [0, 1] and a+ b−a2 λ ≤ x ≤ b− b−a2 λ.
In [2], Ujević derived the followingperturbation of (1) andobtained some tighter error bounds for themidpoint, trapezoid,
and Simpson quadrature formulae.
Theorem 2. Let I ⊂ R be an open interval and a, b ∈ I, a < b. If f : I → R is a differentiable function such that
γ ≤ f ′(x) ≤ Γ , ∀x ∈ [a, b], for some constants γ , Γ ∈ R, then we have(b− a) [(1− λ)f (x)+ λ f (a)+ f (b)2 − Γ + γ2 (1− λ)

x− a+ b
2
]
−
∫ b
a
f (t)dt

≤ Γ − γ
2

(λ2 + (1− λ)2) (b− a)
2
4
+

x− a+ b
2
2
, (2)
where λ ∈ [0, 1] and a+ b−a2 λ ≤ x ≤ b− b−a2 λ.
More recently, Sarikaya [3] established the following inequality of Ostrowski type involving functions of two independent
variables.
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Theorem 3. Let f : [a, b] × [c, d] → R be an absolutely continuous function such that the partial derivative of order 2 exists
and suppose that there exist constants γ ,Γ ∈ R with γ ≤ ∂2f (t,s)
∂t∂s ≤ Γ for all (t, s) ∈ [a, b] × [c, d]. Then we have14 f (x, y)+ 14H(x, y)− 12(b− a)
∫ b
a
f (t, y)dt − 1
2(d− c)
∫ d
c
f (x, s)ds
− 1
2(b− a)(d− c)
∫ b
a
[(y− c)f (t, c)+ (d− y)f (t, d)]dt
− 1
2(b− a)(d− c)
∫ d
c
[(x− a)f (a, s)+ (b− x)f (b, s)]ds
+ 1
2(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ Γ − γ
2
1
(b− a)(d− c)

(b− a)2
4
+

x− a+ b
2
2
(d− c)2
4
+

y− c + d
2
2
(3)
for all (x, y) ∈ [a, b] × [c, d], where
H(x, y) = (x− a)[(y− c)f (a, c)+ (d− y)f (a, d)] + (b− x)[(y− c)f (b, c)+ (d− y)f (b, d)]
(b− a)(d− c)
+ (x− a)f (a, y)+ (b− x)f (b, y)
b− a +
(y− c)f (x, c)+ (d− y)f (x, d)
d− c .
For other related work, we refer the reader to [4–9].
In this paper, motivated by the ideas of Sarikaya in [3], we shall derive a new inequality similar to the inequalities (1)
and (2), involving functions of two independent variables.
2. Main result
Theorem 4. Let f : [a, b] × [c, d] → R be an absolutely continuous function such that the partial derivative of order 2 exists
and suppose that there exist constants γ ,Γ ∈ R with γ ≤ ∂2f (t,s)
∂t∂s ≤ Γ for all (t, s) ∈ [a, b] × [c, d]. Then we have(1− λ)2f (x, y)+ λ2 (1− λ)[ f (a, y)+ f (b, y)+ f (x, c)+ f (x, d)]
+

λ
2
2
[f (a, c)+ f (b, c)+ f (a, d)+ f (b, d)]
− 1
b− a

(1− λ)
∫ b
a
f (t, y)dt + λ
2
∫ b
a
[f (t, c)+ f (t, d)]dt

− 1
d− c

(1− λ)
∫ d
c
f (x, s)ds+ λ
2
∫ d
c
[f (a, s)+ f (b, s)]ds

− Γ + γ
2
(1− λ)2

x− a+ b
2

y− c + d
2

+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ Γ − γ
2
1
(b− a)(d− c)

(λ2 + (1− λ)2) (b− a)
2
4
+

x− a+ b
2
2
×

(λ2 + (1− λ)2) (d− c)
2
4
+

y− c + d
2
2
(4)
for all (x, y) ∈ [a+ λ b−a2 , b− λ b−a2 ] × [c + λ d−c2 , d− λ d−c2 ] and λ ∈ [0, 1].
Proof. We define the mapping p : [a, b] × [a, b] → R, q : [c, d] × [c, d] → R as
p(x, t) =

t −

a+ λb− a
2

t ∈ [a, x]
t −

b− λb− a
2

t ∈ (x, b]
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and
q(y, s) =

s−

c + λd− c
2

s ∈ [c, y]
s−

d− λd− c
2

s ∈ (y, d].
By the definitions of p(x, t) and q(y, s), we have∫ b
a
∫ d
c
p(x, t)q(y, s)
∂2f (t, s)
∂t∂s
dsdt =
∫ x
a
∫ y
c
[
t −

a+ λb− a
2
][
s−

c + λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt
+
∫ x
a
∫ d
y
[
t −

a+ λb− a
2
][
s−

d− λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt
+
∫ b
x
∫ y
c
[
t −

b− λb− a
2
][
s−

c + λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt
+
∫ b
x
∫ d
y
[
t −

b− λb− a
2
][
s−

d− λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt. (5)
Integrating by parts twice, we can state that∫ x
a
∫ y
c
[
t −

a+ λb− a
2
][
s−

c + λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt
=

y− c − λd− c
2
[
x− a− λb− a
2

f (x, y)+ λb− a
2
f (a, y)−
∫ x
a
f (t, y)dt
]
+ λd− c
2
[
x− a− λb− a
2

f (x, c)+ λb− a
2
f (a, c)−
∫ x
a
f (t, c)dt
]
−
∫ y
c
[
x− a− λb− a
2

f (x, s)+ λb− a
2
f (a, s)
]
ds+
∫ x
a
∫ y
c
f (t, s)dsdt, (6)∫ x
a
∫ d
y
[
t −

a+ λb− a
2
][
s−

d− λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt
= −

y− d+ λd− c
2
[
x− a− λb− a
2

f (x, y)+ λb− a
2
f (a, y)−
∫ x
a
f (t, y)dt
]
+ λd− c
2
[
x− a− λb− a
2

f (x, d)+ λb− a
2
f (a, d)−
∫ x
a
f (t, d)dt
]
−
∫ d
y
[
x− a− λb− a
2

f (x, s)+ λb− a
2
f (a, s)
]
ds+
∫ x
a
∫ d
y
f (t, s)dsdt, (7)∫ b
x
∫ y
c
[
t −

b− λb− a
2
][
s−

c + λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt
=

y− c − λd− c
2
[
−

x− b+ λb− a
2

f (x, y)+ λb− a
2
f (b, y)−
∫ b
x
f (t, y)dt
]
+ λd− c
2
[
−

x− b+ λb− a
2

f (x, c)+ λb− a
2
f (b, c)−
∫ b
x
f (t, c)dt
]
−
∫ y
c
[
−

x− b+ λb− a
2

f (x, s)+ λb− a
2
f (b, s)
]
ds+
∫ b
x
∫ y
c
f (t, s)dsdt, (8)∫ b
x
∫ d
y
[
t −

b− λb− a
2
][
s−

d− λd− c
2
]
∂2f (t, s)
∂t∂s
dsdt
= −

y− d+ λd− c
2
[
−

x− b+ λb− a
2

f (x, y)+ λb− a
2
f (b, y)−
∫ b
x
f (t, y)dt
]
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+ λd− c
2
[
−

x− b+ λb− a
2

f (x, d)+ λb− a
2
f (b, d)−
∫ b
x
f (t, d)dt
]
−
∫ d
y
[
−

x− b+ λb− a
2

f (x, s)+ λb− a
2
f (b, s)
]
ds+
∫ b
x
∫ d
y
f (t, s)dsdt. (9)
Adding (6)–(9) and rewriting, we easily deduce∫ b
a
∫ d
c
p(x, t)q(y, s)
∂2f (t, s)
∂t∂s
dsdt = (b− a)(d− c)(1− λ)2f (x, y)+ (b− a)(d− c)λ
2
(1− λ) [f (a, y)
+ f (b, y)+ f (x, c)+ f (x, d)] + (b− a)(d− c)

λ
2
2
[f (a, c)
+ f (b, c)+ f (a, d)+ f (b, d)] − (d− c)(1− λ)
∫ b
a
f (t, y)dt
− (d− c)λ
2
∫ b
a
[f (t, c)+ f (t, d)]dt − (b− a)(1− λ)
∫ d
c
f (x, s)ds
− (b− a)λ
2
∫ d
c
[f (a, s)+ f (b, s)]ds+
∫ b
a
∫ d
c
f (t, s)dsdt. (10)
We also have∫ b
a
∫ d
c
p(x, t)q(y, s)dsdt = (b− a)(d− c)(1− λ)2

x− a+ b
2

y− c + d
2

. (11)
LetM = Γ+γ2 . From (10) and (11), it follows that∫ b
a
∫ d
c
p(x, t)q(y, s)
[
∂2f (t, s)
∂t∂s
−M
]
dsdt =
∫ b
a
∫ d
c
p(x, t)q(y, s)
∂2f (t, s)
∂t∂s
dsdt
− Γ + γ
2
(b− a)(d− c)(1− λ)2

x− a+ b
2

y− c + d
2

. (12)
On the other hand, we get∫ b
a
∫ d
c
p(x, t)q(y, s)
[
∂2f (t, s)
∂t∂s
−M
]
dsdt
 ≤ max
(t,s)∈[a,b]×[c,d]
∂2f (t, s)∂t∂s −M
 ∫ b
a
∫ d
c
|p(x, t)q(y, s)| dsdt. (13)
We also have
max
(t,s)∈[a,b]×[c,d]
∂2f (t, s)∂t∂s −M
 ≤ Γ − γ2 (14)
and ∫ b
a
∫ d
c
|p(x, t)q(y, s)| dsdt
=

(b− a)2
4
(λ2 + (1− λ)2)+

x− a+ b
2
2
(d− c)2
4
(λ2 + (1− λ)2)+

y− c + d
2
2
. (15)
From (13) to (15), we easily get∫ b
a
∫ d
c
p(x, t)q(y, s)
[
∂2f (t, s)
∂t∂s
−M
]
dsdt

≤ Γ − λ
2

(b− a)2
4
(λ2 + (1− λ)2)+

x− a+ b
2
2
(d− c)2
4
(λ2 + (1− λ)2)+

y− c + d
2
2
. (16)
From (10), (12) and (16), we see that (4) holds. 
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Corollary 1. Under the assumptions of Theorem 4, we havef (x, y)− 1b− a
∫ b
a
f (t, y)dt − 1
d− c
∫ d
c
f (x, s)ds
− Γ + γ
2

x− a+ b
2

y− c + d
2

+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ Γ − γ
2
1
(b− a)(d− c)

(b− a)2
4
+

x− a+ b
2
2
(d− c)2
4
+

y− c + d
2
2
, (17)
and in particularf a+ b2 , c + d2

− 1
b− a
∫ b
a
f

t,
c + d
2

dt
− 1
d− c
∫ d
c
f

a+ b
2
, s

ds+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ (Γ − γ ) (b− a)(d− c)
32
. (18)
Proof. We set λ = 0 in (4) to get (17) and x = a+b2 , y = c+d2 in (17) to get (18). 
Corollary 2. Under the assumptions of Theorem 4, we have14 [f (a, c)+ f (b, c)+ f (a, d)+ f (b, d)] − 12(b− a)
∫ b
a
[f (t, c)+ f (t, d)]dt
− 1
2(d− c)
∫ d
c
[f (a, s)+ f (b, s)]ds+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ (Γ − γ ) (b− a)(d− c)
32
. (19)
Proof. We set λ = 1 in (4) to get (19). (Note that λ = 1 implies x = a+b2 , y = c+d2 .) 
Corollary 3. Under the assumptions of Theorem 4, we have14 f (x, y)+ 18 [ f (a, y)+ f (b, y)+ f (x, c)+ f (x, d)] + 116 [ f (a, c)+ f (b, c)+ f (a, d)+ f (b, d)]
− 1
b− a

1
2
∫ b
a
f (t, y)dt + 1
4
∫ b
a
[ f (t, c)+ f (t, d)]dt

− 1
d− c

1
2
∫ d
c
f (x, s)ds+ 1
4
∫ d
c
[f (a, s)+ f (b, s)]ds

− Γ + γ
8

x− a+ b
2

y− c + d
2

+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ Γ − γ
2
1
(b− a)(d− c)

(b− a)2
8
+

x− a+ b
2
2
(d− c)2
8
+

y− c + d
2
2
(20)
and in particular14 f

a+ b
2
,
c + d
2

+ 1
8
[
f

a,
c + d
2

+ f

b,
c + d
2

+ f

a+ b
2
, c

+ f

a+ b
2
, d
]
+ 1
16
[ f (a, c)+ f (b, c)+ f (a, d)+ f (b, d)] − 1
b− a

1
2
∫ b
a
f

t,
c + d
2

dt + 1
4
∫ b
a
[ f (t, c)+ f (t, d)]dt

− 1
d− c

1
2
∫ d
c
f

a+ b
2
, s

ds+ 1
4
∫ d
c
[f (a, s)+ f (b, s)]ds

+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ (Γ − γ ) (b− a)(d− c)
128
. (21)
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Proof. We set λ = 12 in (4) to get (20) and x = a+b2 , y = c+d2 in (20) to get (21). 
Corollary 4. Under the assumptions of Theorem 4, we have49 f (x, y)+ 19 [ f (a, y)+ f (b, y)+ f (x, c)+ f (x, d)] + 136 [ f (a, c)+ f (b, c)+ f (a, d)+ f (b, d)]
− 1
b− a

2
3
∫ b
a
f (t, y)dt + 1
6
∫ b
a
[ f (t, c)+ f (t, d)]dt

− 1
d− c

2
3
∫ d
c
f (x, s)ds+ 1
6
∫ d
c
[f (a, s)+ f (b, s)]ds

− 2(Γ + γ )
9

x− a+ b
2

y− c + d
2

+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ Γ − γ
2
1
(b− a)(d− c)

5(b− a)2
36
+

x− a+ b
2
25(d− c)2
36
+

y− c + d
2
2
(22)
and in particular49 f

a+ b
2
,
c + d
2

+ 1
9
[
f

a,
c + d
2

+ f

b,
c + d
2

+ f

a+ b
2
, c

+ f

a+ b
2
, d
]
+ 1
36
[ f (a, c)+ f (b, c)+ f (a, d)+ f (b, d)]
− 1
b− a

2
3
∫ b
a
f

t,
c + d
2

dt + 1
6
∫ b
a
[ f (t, c)+ f (t, d)]dt

− 1
d− c

2
3
∫ d
c
f

a+ b
2
, s

ds+ 1
6
∫ d
c
[f (a, s)+ f (b, s)]ds

+ 1
(b− a)(d− c)
∫ b
a
∫ d
c
f (t, s)dsdt

≤ (Γ − γ )25(b− a)(d− c)
2592
. (23)
Proof. We set λ = 13 in (4) to get (22) and x = a+b2 , y = c+d2 in (22) to get (23). 
Remark 1. We note that (4) can also be regarded as a generalization to double integrals of (2).
Remark 2. As in [10,2], we can apply the above obtained inequalities (4) and (17)–(23) in numerical integration obtaining
some general cubature formulae.
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